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BOUNDS ON THE SPEED OF TYPE II BLOW-UP FOR THE ENERGY 
CRITICAL WAVE EQUATION IN THE RADIAL CASE 

JACEK JENDREJ 


Abstract. We consider the focusing energy-critical wave equation in space dimension N G {3, 4, 5} 
for radial data. We study type II blow-up solutions which concentrate one bubble of energy. It is 
known that such solutions decompose in the energy space as a sum of the bubble and an asymptotic 
profile. We prove bounds on the blow-up speed in the case when the asymptotic profile is sufficiently 
regular. These bounds are optimal in dimension N = 5. We also prove that if the asymptotic profile 
is sufficiently regular, then it cannot be strictly negative at the origin. 


1. Introduction 


1.1. Setting of the problem. Let N £ {3,4,5} be the dimension of the space. For uq = [uq, uq) £ 
E := X define the energy functional 

E{uo) = y + ^|VuoP - Fiuo) dx, 

/V_2 2iV 

where F(no) := Note that E(uq) is well-defined due to the Sobolev Embedding 

4 

Theorem. The differential of E is DE{uq) = (—Auq — f{uo),uo), where f{uo) = |no|^“2Ro- 
We consider the Cauchy problem for the energy critical wave equation: 


(NLW) 


J dtu{t) = J o DE{u{t)), 

I u{io) = uo££. 


Here, J := ^ is the natural symplectic structure. This equation is often written in the 

form 

dttu = Au + f{u). 

Eauation (INLWD is locallv well-oosed in the soace E. see for examole in and |22| (the defocusing 
case), as well as a complete review of the Cauchy theory in HU. In particular, for any initial data 
Ufj £ E there exists a maximal time of existence (T_,T+), —oo < T- < to < F+ < -|-oo, and a 
unique solution u £ C{{T-,T^)‘,E). In addition, the energy E is a conservation law. In this paper 
we always assume that the initial data is radially symmetric. This symmetry is preserved by the 
flow. 

For functions v £ H^, v £ L^, v = {v, is) £ £ and A > 0, we denote 

v\{x) := _^(jv-2)/2 ^(x)’ ■= '»^a(x) := 

A change of variables shows that 

E((uo)a) = E{uo). 

Equation (INLWp is invariant under the same scaling. If u = (u, ii) is a solution of (INLWjl and 
A > 0, then 1 1 —)• — to)/A)^ is also a solution with initial data (uo)a at time t = 0. This is why 

equation fINLWp is called energy-critical. 
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A fundamental object in the study of (INLWh is the family of stationary solutions {u, dtu) = 
-iiW\ = (±Wa, 0), where 


= (' + N^) 


-{N-2)/2 


The functions W\ are called ground states. 

In general the energy E does not control the norm || • ||£:, and indeed this norm can tend to +oo in 
finite time, which is referred to as type I blow-up. In odd space dimensions and for superconformal 
nonlinearities (which includes the energy-critical case) Donninger and Schorkhuber [5], [6] described 
large sets of initial data leading to this kind of blow-up. 

It can also happen that in finite time the solution leaves every compact set of £, the norm || • ||£: 
staying bounded, which is referred to as type II blow-up. In dimension = 3 in the radial case 
one of the consequences of the classification result of Duyckaerts, Kenig and Merle [9] is that any 
blow-up solution is either of type I or of type II. This is unknown in other cases. 

A particular type of type II blow-up occurs when the solution u{t) stays close to the family of 
ground states W\ and A —?■ 0. In this situation we call W\ the bubble of energy and we say that 
u[t) blows up by concentration of one bubble of energy. We have the following fundamental result 
proved first by Duyckaerts, Kenig and Merle [7] for N = 3, by the same authors [8] for = 5 and 
by Cote, Kenig, Lawrie and Schlag [4] for A^ = 4: 


Theorem ([7], [8], |4j). Let u{t) be a radial solution of (jNLWjl which blows up at t = T+ by 
concentration of one bubble of energy. Then there exist Uq ^ £ and A G C{[tQ,T^), (0,-|-oo)) such 
that 

(1.1) Urn \\u{t)-Wx{t)-ul\\£ = 0, lim (T+- t)"U(t) = 0. 

t — t — 

□ 


In this context the function Uq is called the asymptotic profile. Note that in [8] a more general, 
non-radial version of the above theorem was proved for N G {3,5}. 

Solutions verifying (HU were first constructed in dimension A^ = 3 by Krieger, Schlag and Tataru 
m. who obtained all possible polynomial blow-up rates X{t) (r+ - t)i+^, n > 0. For Af = 4 
smooth solutions blowing up at a particular rate were constructed by Hillairet and Raphael |12| . For 
N = 5 the author proved in |13) that for any radially symmetric asymptotic profile Uq G 77^ X 
such that ttQ(O) > 0, there exists a solution u{t) such that (II.ip holds. For these solutions the 
concentration speed of the bubble is 

( 1 . 2 ) X{t)^ul{0f{T+-t)\ 

In the same article, solutions with blow-up rate (T+ — for n > 8 were constructed, with n 

explicitely related to the asymptotic behaviour of Uq at a: = 0. 

1.2. Statement of the results. In the present paper we continue the investigation of the rela¬ 
tionship between the behaviour of Uq at x = 0 and possible blow-up speeds, still in the special case 
when the asymptotic profile Uq is sufficiently regular. We prove the following result. 

Theorem 1. Let N G {3,4,5} and s > s > 1. Let Uq = {uq,Uq) G x 77® be a radial 

function. Suppose that u is a radial solution of (jNLWp such that 

(1.3) lim ||n(t) — Wxu\ — = 0, lim X{t) = 0, < -|-oo. 

t^T+ ^ ' t—>-T+ 

There exists a constant C > 0 depending on Uq such that: 

• if N ^ {4, 5}, then for T+ — t sufficiently small there holds 

X{t) < c(r+ -t)^. 


(1.4) 


2 










• if N = 3, then there exists a sequence tn 7 + such that 
(1.5) X{tn) < C{T+- tn)^ ■ 

Remark 1.1. Let u* = {u*,u*) be the solution of (INLWp such that it*(T+) = Uq and suppose that 
0 € suppWQ. We will prove that there exists a universal constant Cq such that in the above theorem 
one can take 

C = Co\\u \\1 <^(^(^t+-p,t+)xB{o,p))^ 

where /? > 0 is arbitrary and B{0,p) is the ball of centre 0 and radius p in . Notice that 
u* G L°°((T+ — p, T+) X M^) by Appendix [Al and the Sobolev Embedding Theorem. 

If 0 ^ supp Wq, then blow-up cannot occur, as follows from the classihcation of solutions of (jNLWp 
at energy level E{W) by Duyckaerts and Merle |10| . 


Remark 1.2. In the case N 

( 1 . 6 ) 


3 we will prove that for T+ — t small enough there holds 
r^+ dr 3 


> 


It xAH “ Vc 


(r+-t)L 


which immediately implies (II.5p . 

If we assume that u* G X then (jl.ip holds also in the case N = 3, see Remark 12.131 
I believe that the proof of (jl.5p given here could be adapted to cover the case 1 > s > ^. 


Remark 1.3. In dimension = 5 the bound (jl.ip is optimal, see (II. 2p . It is not clear if the bounds 
are optimal for N G {3,4}, due to slow decay of the bubble. 


Remark 1.4. A natural problem is to determine sharp bounds for the blow-up speed in the case 
of less regular Uq . The method used in this paper allows to obtain some bounds for example in the 
case 1 < s < I in dimension N = 5, but they are not optimal and I will not pursue this direction 
here. 


In the case Uq( 0) = 0 one could obtain various bounds depending on the asymptotics of Wq at 
X = 0, but this will not be considered in the present paper. Along the same line, one can ask if the 
sign of Uq{0) is relevant in the case when rio(O) 7 ^ 0. It turns out that it is, but unfortunately our 
method requires the additional assumption Uq G X H^: 

Theorem 2. Let N G {3,4,5}. Let Uq = {uq,Uq) G x be a radial function such that 


nS(0) < 0. 

There exist no radial solutions of (INLWp such that 


lim ||ir(t) — Wx(t) — 1^0Ilf ~ •^(^) ~ 0 , < +00. 

Remark 1.5. I expect that Theorems [T] and [2] could be proved by similar methods without the 
assumption of Uq being radial. 

1.3. Related results. The problem of existence of an asymptotic profile at blow-up might be seen 
as a version of the classical question of asymptotic stability of solitons in the case when finite-time 
blow-up occurs. Decompositions of type (|l.ll) in suitable topologies are believed to hold for many 
models, but establishing this rigourously is a challenging problem. Historically, the study of finite 
type blow-up in the Hamiltonian setting received the most attention probably in the case of nonlinear 
Schrodinger equations (NLS). For the mass-critical NLS the conformal invariance leads to explicit 
blow-up solutions S{t) with the asymptotic profile u* = 0. Bourgain and Wang [T] constructed 
examples of blow-up solutions with u* regular and non-zero, the speed of blow-up however being 
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the same as for S{t). This is not a coincidence, as shown by a classification result of Merle and 
Raphael |19| . 

For the critical gKdV equation Martel, Merle and Raphael m proved that if the initial data 
decays sufficiently fast, then there is only one possible blow-up speed, given by the minimal mass 
blow-up solution. However, without the decay assumption other blow-up speeds are possible, as 
shown by the same authors in |18| . 

These are the main two examples of the heuristic principle that the size of the interaction of the 
bubble with the rest of the solution influences or even determines the speed of blow-up. In the 
present paper we try to investigate this phenomenon in the energy-critical setting. 

Finally, let us mention that the problem of understanding the possible blow-up speeds is not 
limited to type II blow-up for critical equations. For example, for the subconformal and conformal 
NLW this was considered in the works of Merle and Zaag |2Q|, m- 

1.4. Outline of the proof. Our proofs of Theorems [T] and [2] are based on the following computation 
that we present here formally. 

Let u : [to; T+) —)• T be a solution of (INLWIi which satishes (II. ip . At blow-up time, the energy of 
the bubble is completely decoupled from the energy of the asymptotic prohle, hence 

(1.7) E{u) = E{ul) + E{Wx) = E{ul) + E{W). 

Let u* be the solution of (jNLWp with the initial data u*(T+) = Uq. Decompose u{t) = W+ 
u*{t) +g{t). The modulation parameter A is determined by a suitable orthogonality condition, and 
a standard procedure shows that |A'(t)| < ||gf(t)||£:. 

From the Taylor formula we obtain 

E{u) = E{u* + IL-a) + {BE{u* + Wx),g) + ^i^^Eiu* + Wx)g,g) + 0{\\g\\l). 

Step 1. An explicit key computation shows that 

N-2 

E{u* + VFa) - E{u*) - E{W) > -u5(0)A—. 

It is clear that the sign of ttQ(O) is decisive. 

Step 2. Near blow-up time u* weakly interacts with Wx and D£((VFa) = 0. This allows to replace 
{\}E{u*+ Wx),g) by {\}E{u*),g). Using the Hamiltonian structure it is seen that this quantity 
is, at first order in g, a conservation law. Estimating some error terms we conclude that this term 
can be neglected. 

Step 3. Let us suppose for a moment that EP‘E{W) is a coercive functional in the sense that 
{T>^E{u* -f Wx)g,g) > \\g\\£. Using ([I-^P and the two preceding steps we find |A^p < Ilfl'Ili ^ 

N—2 

Ug(0)A^“. In the case ttg(O) < 0 this is contradictory, and in the case ttQ(O) > 0 the conclusion 
follows by integrating the differential inequality for A. 

Strictly speaking, D^E{W) is not a coercive functional, and much of the proof is devoted to 
controlling the negative directions, which are related to the eigendirections of the flow linearized 
around W. Clarifying the second step above is another major technical difficulty of this paper. 

1.5. Acknowledgements. This paper has been prepared as a part of my Ph. D. under supervision 
of Y. Martel and F. Merle. I would like to thank my supervisors for their constant support and 
many helpful discussions. The author has been supported by the ERC grant 291214 BLOWDISOL. 

1.6. Notation. We introduce the inihnitesimal generators of scale change 

As := (y - s) -f X • V. 
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For s = 1 we omit the subscript and write A = Ai. We denote A^, Ajr and A^* the inifinitesimal 
generators of the scaling which is critical for a given norm, that is 

A£- = (A,Ao), Aj-= (Aq, A_i), A^:* = (A_i, Aq). 

The dimension of the space will be denoted N. The domain of the function spaces is always 
We introduce the following notation for some frequently used function spaces: := H 

for s > 0, £ := x X := L‘^ x . The bracket (•, •) denotes the distributional pairing and 
the scalar product in the spaces X L^. Notice that £* ~ H~^ x through the natural 

isomorphism induced by (•,•). 

For a function space A, 0^{m) denotes any a € A such that ||a||^ < Cm for some constant 
C > 0. For positive quantities mi and m 2 we write mi < m 2 for mi = 0{m2) and mi ~ m 2 for 
mi < m 2 < mi- We denote Bji{xo, S) the open ball of center xq and radius 5 in the space A. If A 
is not specified, it means that Al = M. 


2. The proofs 

2.1. Properties of the linearized operator. Linearizing —Au — f{u) around W, u = W + g,we 
obtain a Schrodinger operator 

Lg = {-A-f{W))g. 

Notice that L{AW) = — AW\ — f{W\)) = 0. It is known that L has exactly one strictly 

negative simple eigenvalue which we denote —(we take u > 0). We denote the corresponding 
positive eigenfunction T, normalized so that ||T||l2 = 1- By elliptic regularity y is smooth and by 
Agmon estimates it decays exponentially. Self-adjointness of L implies that 

(2.1) (T,AIF)=0. 

We define 

y-■■={ly,-y), T+:=(^T,T), a-■.= ^{uy,-y), :=^iuy,y). 

. A short computation shows that 

j oB'^ E{w)y- = -uy-, joB^E{w)y+ = uy+ 

and 

(2.2) {a-,JoB^E{W)g) = -u{a-,g), {a+ , J oB^E{W)g) = u{a+,g), G A. 

Notice that {a~,y~) = (a"'“,T''~) = 1 and {a~,y~^) = (a;''',T~) =0. 

The rescaled versions of these objects are 

rr:={lrA.-3'A), rt:=(lrA,3'i), :=l{^rA,-rA). oct-=^(jyA.y^)- 

The scaling is chosen so that {a^,y^) = {a'^,y^) = 1. We have 

J oB^ E{Wx)y^ = -jy^, joB^E{Wx)yt = jyl 

and 

{a^,JoB‘^EiWx)g) = -j{a^,g), {a]^,JoB‘^E{Wx)g) = j{a+,g), Vg G A. 


We have J o B^E{W) = 


0 

-L 


Id 

0 
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Let 2 be a function such that 


(z,Aw}>o, (2,y} = o 

(the first condition is the essential one and the second allows to simplify some computations). We 
recall the following result. 

Proposition 2.1 l [T3l Lemma 6.1], |10l Proposition 5.5]). There exists a constant cl > 0 such that 
V E radial, {y,v) = {Z,v)=0 =► -(u, Lu) > Ci||u||^i. 


□ 


Lemma 2.2. There exists a constant c > 0 such that if \\V — VPa||£ < c, then for all g £ £ such 
that {Z\,g) = 0 there holds 

^{D‘^E{V)g,g) + 2{{af,gf + {a+,gf) > \\g§. 

Proof. We have 

{D^EiV)g,g) = {D‘^E{Wx)g,g) + j (/'(P) -/'(Wa)) bP drr. 

By Holder, the last integral is < c|b|||, hence it suffices to prove the lemma with V = W Without 
loss of generality we can assume that A = 1. We will show the following stronger inequality: 

(2.3) ]^{I}‘^E{W)g,g) + 2{a~,g) ■ {a'^,g) > ciWg - {a~,g)y~ - (a+,sf)3^+|||. 

Let a~ = {a~,g), a'^ = {a^,g) and decompose g = a~y~ + a'^y~^ + fc, so that {a~,k) = 
{a'^,k) = 0. From {Z,y) = 0 we deduce {Z,k) = 0. We have g = + k and g = 

(—a“ + a'^)y + k, hence 

^{D‘^EiW)g,g) = + A:, -(a" + a+)ny + Lk) 

+ + o.~^)y + + a^)3^ + k) 

= +a^f{y,y) - (a~ ya+)n(y,k} + ^(k,Lk} 

-^(—a + a~*')^(y,y} + (—a -h a~^)(y, k)-h-(k, k) 

= —2a~a~^(y,y} — 2a~(a~^, k) — 2a'^{a~, k) + ^ ((^j ^jk) + {k, k)') 

= -2a-a+ + ]^{T}‘^E{W)k,k). 

Invoking Proposition 12.II finishes the proof of (12.3p . □ 

2.2. Modulation. Recall that := n . Let Uq G x , T+ G M and let u* be the 

solution of (INLWIl with initial data u*{Tjf) = Uq. Without loss of generality we will assume that 
< s <2. For fixed p > 0 we denote 

c* := IIu*IIlc^((t+-p,t+)xB(o,p))- 

We can assume that c* > 0 (otherwise there is no blow-up, cf. Remark II.ip . Note that because 
of finite speed of propagation, we can also assume that ||n*(t)||£: is smaller than any fixed strictly 
positive constant and that ||tt*(t)||ioo < 2c* for t close to T+. 
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Because of a slow decay of W, we will introduce compactly supported approximations of Wx. Let 
(2.4) R-.= {co ■ c*)^^, 

where cq > 0 is a small universal constant to be chosen later. 

We denote 


V{X){x) := 


Wx{x) - C(A) 

0 


for \x\ < Rx/X, 
for |a:| > Rx/X, 


where 


C(A) := WxiRVX) = 
We will also denote 


1 + 




N-2 

2 


N{N-2)X. 

V[X) := (y(A),0)G^. 


= A + 




N{N - 2) 


N-2 

2 


Notice that 


aAy(A)(x) = 


-(AW)a(x)-C'(A) 

0 


for |x| < Rx/X, 
for |x| > Rx/X- 


Lemma 2.3. Let s > 


N-2 


and s > 1. The following estimates are true with universal eonstants: 

-N+2 N-2 

\\V{X)-Wx\\hi<R—X—, 


(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

Proof. To prove (12.5h . we write 

\\V{X)-Wx\\%,= [ |VWvpdx= [ 
J\x\>R\/\ J\i 

r -+00 


\\V{X)-Wx\\l^<R-^+^ 

||WA)II^^ 

iV—4 

||5a1A(A)||hi-< A— asA^O. 


\x\>R/VX 


||VWf dx 


< 


r-\-oo 

/ J.-2N+2 . ^7V-1 _ (i7/VA)-^+^. 

Jr/VX 


We see that ^(A) ^ R and C{X) ^ R ^ when A is small, which proves (12.6p and (12.7h . 

On the support of (9 a 1^(A) there holds |(9 a1^(A)(x)| < A“ 2 “ 1x1“-^+^, hence 

I|9a^(A)||'^ < [ dr 


= X n+2 


t-R'/X 

Jo 


-n'^+5N-2 N(6-N) N(N-2) 

r n +2 dr = R n +2 X 2 (jv+ 2 ) _ 


This proves 

We will check (j2.9p separately in each dimension. For N = 3 we have |5 a1L(A)(x)| < A~ 2 |x|“^ 
and 1. For N" = 4 we have |(9Af^(A)(x)| < |x|“^. We suppose s > 1, hence 

there exists q S (1,2) such that C and it is easy to check that II^ 1- 
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Finally for = 5 we have |9 a1^(A)(x)| < A2 |x| There exists q G (l, |) such that C ^ 
and it is easy to check that <C 1. □ 

Note that ^(A) ~ cqc*, which means that the cut-off is made at a radius r = R-\/\ such that 
Wx{r) ~ cori*(t,r). 

For the next lemma we will need the following version of the Implicit Function Theorem. It is 
obtained directly from standard proofs of the usual version, see for example [21 Section 2.2]. 

Lemma 2.4. Suppose that X, Y and Z are Banach spaces, xq G X, yo £ Y , p,i] > 0 and 
$ : B[xq,p) X B{yQ,p) Z is continuous in x and continuously differentiable in y, <I>(xo,yo) = 0 
and T)y^{xo,yo) =: Lq has a bounded inverse. Suppose that 

\\Lo - By<^>{x,y)\\z < ^\\Lo^\\^(z,y) “ *o||x < P, \\y - VoWy < P, 

\\<^{x,yo)\\z < '^\\Lo^\\^(z,y) \\x-xo\\x < P- 

Then there exists y G C{B(xq, p), B{yQ,p)) such that for x G B{xq,p), y{x) is the unique solution 
of the equation ^{x,y{x)) = 0 in B{yQ,p). □ 

Lemma 2.5. There exists Jq > 0 and Aq > 0 such that for any 0 < <5 < Jq < ^ 2 , if 

u : {ti,t 2 ) -^ £ is a solution of (INLWI) satisfying for all t G 

(2.10) \\u{t) - u*{t)< 6, 0 < A(t) < Ao, 

then there exists a unique function X{t) G C'^((ti,t 2 )) (0,+oo)) such that 

(2.11) g{t) :=u{t)-u*{t)-V{X{t)) 
satisfies for all t G (ti,t 2 )-‘ 

(2.12) {Z^,g{t))=0, 

(2.13) \\9me<S + X{t)^, 

(2.14) |A(t)/A(t)-l|<5, 

(2.15) |A'(t)| < \\9{t)\\e. 

Proof. We will first show that for to ^ (^ 1 ^ 2 ) fixed there exists a unique A(to) such that (12.121) . 
(12.131) and (|2.14p hold at t = to. The proof is standard, see for example |16l Proposition 1]. 

Denote Vq := u{to) — u*{tQ) and Iq := log(A(to)) (it will be convenient to consider A(to) and A(to) 
in the logarithmic scale). We dehne the following functional: 

4> : T X M ^ M, 4>(^;; 1) := (e'^Z^, v - Vie^)). 

We have 

diHv,l) = -{Zp,dxV{e^)) - (e-'A_iZ,qu - V{e^)). 

We apply Lemma 12.41 with xq = V{X{to)) and yo = Iq- It is easily checked that the assumptions 
hold if 6 is small and y = C6, with a large constant C. Take A(to) = where Iq is the solution 

of <I>(r;o;/o) = 0 given by Lemma 12.41 Directly from the definition of we obtain (|2.12p . The 

inequality |/o ~ ^ol ^ V = is equivalent to (|2.14p . which in turn implies 

( 2 - 16 ) <i. 

From the dehnition of g and (|2.10p we have 

ll^ll ^ ^ + II^A(*o) - ^Mto)\\m + II^A(to) - I^(A(to))|lHi> 
















so ()2.13p follows from (12.161) and (|2.5I) . 

For each Iq S we have defined A(fo)- It remains to show that X{t) is a function and 

that ()2.15l) holds. One way is to use a regularization procedure as in |16| . Here we give a different 
argument, which might be simpler in some cases. 

Take to £ (ti, t 2 ) and let Zq := log(A(to)). Denote u(t) := u{t)—u*(t) and dehne t : (to—e,to+e) —t 
M as the solution of the differential equation 

l'{t) = -{di^)-\D^^)dtv{t) 

with the initial condition /(to) = lo- Notice that D.yd> is a continuous functional on so we can 
apply it to dtv{t). 

Using the chain rule we get ^<I>(i)(t); /(t)) = 0 for t e (to — e, to + e). By continuity, |/(t) — /o| < 
r] = C5 in some neighbourhood of t = to- Hence, by the uniqueness part of Lemma 12.41 we 
get /(t) = logA(t) in some neighbourhood of t = to- In particular, A(t) is of class in some 
neighbourhood of tg. 

From (12.lip we obtain the following differential equation for the error term g: 

(2.17) dtg = Jo (DE{V{X) +u* +g)- BE{u*)) - X'dxV{X), 

which can also be written in the expanded form 
(2 18) (dtg = g-X'dxV{X), 

\dtg = Ag+ {f{u* + U(A) +g)-f{u*)- f{V{X))) + (AU(A) + /(U(A))). 
Differentiating (|2.12p and using the hrst equation in (|2.18l) we get 

0 = ^(^A,5) = -j{Ao2x,g) + {2x,g- X'dxV{X)) 

= A'((Z,AVF) - {Zx,AWx + dxV{X)) - {jAoZx,g)) + {Zx,g). 

We assumed that {Z,AW) > 0. When \\g\\£ and A are small enough, then 

\{Zx,AWx + dxV{X)) + {jAoZx,g)\ < ^(^,AIU) 

(we use (12.7p in order to estimate the first term). This proves (12.151) . □ 

If u{t) is a solution of (INLWI) satisfying (II.3p . then there exists to such that (12.101) holds for 
t £ [to, T^)- It follows from (|2.14l) that, while proving Theorem [U without loss of generality we 
can assume that X{t) is the function given by Lemma 12.51 From (|2.13l) we obtain that ||g'||£: —)• 0 
as t —)■ T+, which is the only information about g used in the sequel. The precise form of the right 
hand side of (12.131) has no importance. We will prove that (11.41) holds on some interval [tg, 7+) with 
to < T+, with no information about the length of this interval. Each time we state something for 
t € [tg,r+) it should be understood that to is sufficiently close to r+. 

In the rest of this paper X{t) always stands for the modulation parameter obtained in Lemma [2.51 
and g{t) is the function defined by (12.lip . We introduce the following notation for the joint size of 
the error and the interaction: 

n(£ji,A) := \/\\g\\l + c*X^. 

We will now analyze the stable and unstable directions of the linearized flow. The stable coefficient 
a~{t) and the unstable coefficient a~^{t) are defined as follows: 
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Lemma 2.6. The functions a (i) and a~^{t) satisfy 

' + T77V®~W| ~ 


m 


(2.19) 


dt 

|^a+(t) - 
' dt A(t) 


A(t) 


n{git),X{t)f 


^ +UM < 1 xu\\2 


■Wl 


A(t) 


n{g{t),X{t)) . 


Proof. We will only prove (|2.19p : the other estimate can be shown analogously. 
Let us rewrite equation (|2.18p in the following manner: 

dtg = JoD^E{Wx)g + h, 


where 

h = (^\ = ( -^'dxV{X), \ 

\h) \{f{u* + V{X) +g)- f{u*) - f{V{X)) - f'{Wx)g) + (Ay(A) + f{V{X)))) ' 

Using (12.2p we get 

d_,, V . d,_ , V . _ . 

—a {t) + -a (t) = — 

X' V 

= - — {ks^af.g) + {af,JoD'^E{Wx)g) + j{af,g) + {af,h) 

= -j{A£,af,g) + {af,h). 

The first term is negligible due to (12.151) . In order to bound the second term it suffices to check the 
following inequalities: 

|fe5AU(A)>|<n(g,A)2, 

(2.20) |(Ta,(AU(A) + /(U(A))))| <n(g,A)2, 

(2.21 ) |(Ta, {f{n* + U(A) +5) - f{u*) - /(U(A)) - f{Wx)g))\ < n{g,Xf. 

The first inequality follows from (12.7p and m, since the region |x| > Rx/X is negligible due to 
exponential decay of y. 

Notice that |/(1 Ta) - /(U(A))| < /'(1Ta)| • |1Ta - ^(A)| < /'(ITa)coc*, where the last inequality 
follows from (j2.5p and (j2.4p . Together with the fact that A(ITA) + f{Wx) = 0 this implies 

|(Ta, (AU(A) + /(U(A))))| < |(Ta, A(Wa - U(A)))| + \{yxJ{Wx) - fiV{X)))\ 

< (IIATaIIli + ll/'(t^A)3^A||Li)coc* < c^a"^, 

which proves ( 12 . 201 ) . 

We will check (| 2 . 2 ip in three small steps. As before, we do not have to worry about the region 
|xl > Rx/X thanks to the fast decay of y. First, we have a pointwise bound 

( 2 . 22 ) \f{u* + V{X)) - f{u*) - f{V{X))\ < nWx) • c* + /(c*), 
which implies 

(2.23) |(3^A,/(n* + U(A)) - f{u*) - /(U(A)))| < nig,Xf. 

Next, we have 

(2.24) \f{u* + U(A) + g)- f{u* + V{X)) - f{u* + U(A))ff| < \f{u* + U(A))| . \g\^ + f{\g\), 


which implies 

(2.25) |(Ta, f{u* + V{X) +g)- f{u* + V{X)) - f{u* + V{X))g) \ < n{g, Xf. 
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Finally, \f{V{X)+u*)-f{Wx)\ < {\f'{Wx)\ + \nV{X)+u*-Wx)\)-\V{X)+u*-Wx\ < \r{Wx)\c*. 

N—2 

Using Holder and the fact that ||3 ^a ' f"{Wx)\\^_^ < X^~ this implies 

(2.26) \(y^^^f'(u* + V{X))-nWx))g)\ ^n{g,Xf. 

Now (j2.2ip follows from (I2.23p . (I2.25j) and (12.261) and the triangle inequality. 

2.3. Coercivity. By the conservation of energy, for all t £ [to,T+) there holds 

(2.27) E{V{X)+u*+g) = E{W)+E{u*). 

On the other hand, using the pointwise inequality 


\F{k + 0 - F{k) - f{k)l - \f'{k)f\ < |/"(A;)||/='| + |F(0|, Vfc ,I £ 


□ 


we deduce that 

E(F(A) +u*+g) = E{V{X) + u*) + (DE(F(A) + u*),g) 

+ ^{D^E{V{X) + u*)g,g) + 0{\\g\\l). 

Using (I2.27P we obtain 

(E(F(A) + u*) - E{W) - E{u*)) + (DE(F(A) + u*),g) 

(2.28) 1 

+ -{B^E{V{X) + u*)g,g)=0{\\g§). 

We start by computing the size of the first term on the left hand side. 

Lemma 2.7. For — t small there holds 

\E{V{X) + u*) - E{W) - E{u*)\ < c*X^. 

In addition, ifu*{0) < 0, then 

N—2 

(2.29) E{V{X) + u*) - E{W) - E{u*) > c*X—. 

Proof. Integrating by parts we obtain 

[ VU(A) • Vu* dx= [ V(IUa) • Vu* dx 

J jb{o,r-F\) 

= - [ A{Wx)-u*dx+ [ dr{Wx)-u*da 

Jb(o,rVX) Js{q,rVX) 

= [ f{Wx)-u*dx+ [ dr{Wx)-u*da. 

Jb{o,rV\) Js{o,rVX) 

Developping the energy gives 

E{V{X) + u*) - E{W) - E{u*) = j VU(A) ■Vu*dx + ]^ j |VU(A)p - |V(IUa)|^ dx 

- I F(U(A) + u*) - E{Wx) - E{u*) dx 


(2.30) 


+ 


/ dr{Wx) ■u*da + l- [ |VU(A)|2 - IVWaP dx 

Js{o,rVX) ^ J 

j E{V{X) + u*) - E{Wx) - E{u*) - /(U(A)) • u* dx 

[ {f{Wx)-fiViX)))-u*dx. 

Jb{o,rFX) 
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We will show that all the terms on the right hand side except for the first one are < coC*A 2 ^ 
where cq is the small constant in (|2.4I) . 

The fact that f | VF(A)p — IVITaP dx < coc*A“ 2 “ = i?“^+^A“ 2 “ follows directly from the proof 
of ra . 

We will now show that 

J |F(y(A) + u*) - F{V{X)) - F{u*) - f{V{X))u*\dx < A^. 

To this end, notice first that the integrand equals 0 for \x\ > Ry/X. In the region |x| < Ry/X we use 
the pointwise estimate 

|F(y(A) + u*) - F{V{X)) - F{u*) - f{V{X))u*\ < f{ViX))\u*\^ + F{u*). 

N N — 2 

The term F{u*) can be neglected (it is bounded in L°°, so its contribution is at most A^ <C A“^). 
As for the first term, it is easily checked that 

(2.31) [ f{Wx)dx = X^-^[ /'(W)dx<A^. 

J\x\<rFx J\x\<r/Fx 

Next, we show that if R is large enough, then 

J \FiWx) - FiV{X ))\dx < coc*A^. 

In the region |x| > Ry/X from (j2.5jl and Sobolev embedding we obtain that the contribution is at 
most A 2 <c A 2 .In the region |xl < i?v A we use the bound 


|F(Wa) - F{y{X))\ < C(A) • |/(ii^a)I + FiC^iX)). 

N N — 2 

The second term is in so its integral is at most 0{X~) <C X^~. As for the first term, it is 

N—2 

easily seen that f |/(ITa)| dx < A 2 ^ and we get the conclusion if we recall that ("(A) ~ cqc*. 

Finally, from (12.31 j) and the pointwise bound |/(I^(A)) — /(ITa)| < \CWf'{W\)\ + |/(C(-^))I it 
follows that 

/ |/(y(A))-/(WA)|-|u*|dx«A^. 

Jb{o,rVx) 

Now consider the first term on the right hand side of (|2.30p . We have dr{Wx){Ry/X) x^iRy/xy 
and |m*| < c* near the origin, so we get 


L 


s{o,rVx) 


dr{Wx)-u* d(T 


^ N-2 

<c*X—. 


In the case Uo(0) < 0, by continuity if in the definition of c* we choose p small enough, then 
u*{t,x) < —Ac* for (t,x) € [tQ,T+) ^ F{0,p). In particular, 


/ 9,(ITA)-u*dcT>c*A^, 

Js{0,Ry/\) 

where the constant in this estimate is independent of cq. The conclusion follows from (I2.30h if cq is 
chosen small enough. □ 


We will focus at present on the second term on the left hand side of (I2.28P . In Lemma 12.81 we 
treat the simpler case Uq E X'^ x and in Lemma 12.91 we prove a weaker estimate in the case 


ri* G X* X Hy s > 


N-2 


S>1. 


N+1 
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Lemma 2.8. Suppose that Uq E x . Then for t G [to, 7+) there holds 

\{DE{V{X{t))+u*{t)),g{t)}\<y/^- sup n(si(r), A(r))^ 

t<r<T_|. 

where cq is the small constant in (Eai. 

Proof. The proof has two steps. First we will show that 

(2.32) KDi?(V(A(t)) +tx*(t)) -Di?(r.*(t)),ff(t))| < ■ n{g{t), X{t)f 

and then we will check that 

(2.33) \^^{DEiu*{t)),g)\ <r n{g{t), X{t)f. 

Clearly, integrating (|2.33p and using (|2.32p . we obtain the conclusion for tg sufficiently close to T^. 
Note that the constant in (|2.33p is allowed to depend on R (because T+ — to can also be chosen 
depending on R). 

In order to prove (|2.32p . we begin by verifying that 

(2.34) |(D^(V(A) + - {I)E{V{X)),g) - {BE{u*),g)\ « nig,X)^. 

This is equivalent to 

I \f{V{X) + u*) - f{V{X)) - fiu*)\ • \g\ dx « n{g, Xf. 

By Holder and Sobolev inequalities, it suffices to show that 

||/(F(A) + u*) - fiViX)) - f{n)\\^^ « 

N—2 

Using (I2.22P we obtain easily that the left hand side is < A“ 2 “. 

Recall that R~^~^‘^ = cqc*, hence (j2.5p gives ||Wa — ^(A)||^i < \/coc*. Using AW\ + f{Wx) = 0 
and the pointwise bound |/(1 Ta) — /(^(A))| < f'{W\) ■ \ Wx — U(A)| one gets 

||AU(A) + /(U(A))||^_i < ||A(H/a - ^(A))||^-i + ||/(VUa) - /(U(A))||^^ < v^, 

hence 

(2.35) \{DEiV{X)),g)\<^-nig,Xf. 

Estimate (|2.32p follows from (|2.34p and (12.351) . Notice that until now the assumption Uq G x E[^ 
has not been used, thus (12.321) holds also in the case G X* x , s > 

We move on to the proof of (I2.33p . Until the end of this proof all the constants are allowed to 
depend on R. From (j2.17p we get 

^^(DE{u*),g) = {B^E{u*)dtU*,g) + {DEiu*),Jo (D^(W(A) + u* + g) - BE{u*)) - X'dxV{X)). 
Notice that 

{D^E{u*)dtU*,g) = -{DE{u*),JoB^E{u*)g), 

hence it suffices to verify that 

|(DE(u*), J o (DE(F(A) + u*+g)- DE{u*) - B^Eiu*)g) - A'aAW(A)>| < n{g, Xf. 

Considering separately the hrst and the second component, cf. (I2.18p . we obtain that it is sufficient 
to verify the following bounds: 

(2.36) \{Au* + f{u*),X'dxV{X))\<n{g,Xf, 

(2.37) \{n*,f{V{X) + u*+g)- f{Vx) - f{u*) - f{u*)g)\ < n{g, Xf, 

(2.38) \{u*,AV{X) + f{V{X)))\<n{g,X)^ 
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We know from Appendix [Al that u*{t) is bounded in hence Au* + f{u*) is bounded in L^-2 
by the Sobolev embedding. From (I2.8h and Holder inequality it follows that 

|(Au* + /(u*),9Am)l < 

and (12.361) follows from (|2.15p . 

Since u*{t) is bounded in L^-2, in order to prove (|2.37p it suffices (by Holder) to check that 

(2.39) 
and 

(2.40) 


||/(H(A) + u*+g)- f{V{X)) - f{u*) - f{V{X) + u*)g\\^^ < n{g, Xf 


• {f{V{X) + u*) - < A^. 

We first prove ()2.40p . For |x| > Ry/X the integrand equals 0, and in the region \x\ < Rs/X there 
holds |/'CF(A))| + |/'(n*)|</'(WA). 

• For A = 3 u* e 7/2 c and ||/'(Wa)|| e < Ai 

• For A = 4 u* G 7/2 c Li2 ||/'(fyA)||^3 < aI. 

• For A = 5 u* G A2 c ^nd ||/'(kFA)|| s < A. 

fn all three cases (I2.4np follows from Holder inequality. 

By a pointwise bound we have 

||/(H(A) + u*) - f{V{X)) - < Ik* • /'(^(A))||^^ + ||/'(n*) • ^(A)||^^. 

ft is easy to check that 


||/'(nA))ll^^ < II/'(VHa)||^^ < A^ 


Together with 


this yields 


||/(H(A) + u*) - f{V{X)) - /(nkll^^ < A^, 

and (12.391) follows from (|2.24p and the Holder inequality, 
fn order to prove (|2.38p . we write: 

(2.41) |(u*, Af/(A) + /(H(A)))| < |(uk A(H(A) - Wa))| + \{u*J{V{X) - fiWx))\. 

Consider the first term of (12.411) . Integrating twice by parts we find 


[ ii* ■ A(H(A) - Wx) dx= [ Vii* ■ V(Wa) dx 
J J\x\>RVX 


I 


u* • dr{Wx) da- ii* ■ A(fyA) dx. 

S{0,RV\) J\x\>RV\ 

As for the first term, recall that |(9r(lTA(i?\/A))| < A^“ so it suffices to notice that by the Trace 
Theorem / k*| dcr <C 1 for A <C 1. In order to bound the second term, we compute 


||/(VFa)|| 2N ^ = ||/(fT)|| 2N 

^ ^"lT^{\x\>R/VX) 


JV+2 N-2 

~ A 4 <c A 2 , 


and use Holder. 

Consider the second term of (|2.4ip . From (|2.6p we have |/(H(A)) — /(fTA)| < f'{Wx)^ hence: 


J u*-{f{V{X))-f{Wx))dx\< I k*|-/'(WA)dx, 


and the required bound follows from Holder and the fact that ||/^(kFA)|| 2 n^ ^ A 2 . 


□ 


14 
























Lemma 2.9. Suppose that Uq E x , s > and s > 1. There exists a decomposition 

{DE{V{X{t)) + u*{t)),g{t)) = h{t) + b 2 {t) 
such that fort G [io,T+) there holds: 

N — 4 

(2.42) \b[{t)\<^\it)—\\g\\e, 

(2.43) l^ 2 (t)|<v^- sup n(fir(r),A(r))^ 

t<r<T+ 

Proof. We take 

bi{t) := {DE{u*{t)),g{t)), 

b 2 {t) := (DE(F(A(t)) + u*{t)) - BE{u*{t)),g{t)). 

Estimate ()2.43p is exactly (|2.32p . 

Repeating the computation in the proof of Lemma [2.81 we see that we need to check inequalities 
(12.361) . (12.371) and (|2.38p . with “ < n{g, A)^ ” replaced by “ <C A“ 2 “||g(|| ”, 

AT —4 

We know that Art* is bounded in hence from (12.9p we obtain |(Ari*, 9 aR(A))| <C . 

Since \\f{u *)\\is bounded and from (12.8p we get \{f{u*),dxV{X))\ X^~. Using 

(12.151) . it follows that 

KA«* + fiu*), X'dxV{X ))\« A^ \\g\\. 

The proof of (I2.37p applies almost without changes, but instead of (I2.40h we need to check that 

AT —4 

lift* • {f'{V{X) + u*) — f'{u*))\\^_^ X^~, which will follow from 

(2.44) \\u*-f{Wx)\\^^ «a'^. 

We check (12.441) separately for A = 3,4, 5. Recall that ii* is bounded in If A = 3, then ||h*|| 2,6 
and ||/^(1 Ta)|| 3 are bounded, hence (12.441) follows from Holder. If A = 4, then (by Sobolev) there 

exists q > 4: such that ll'U*!!/,-? is bounded. It can be checked that for 1 < p < 2, ||/^(VUa)||lp ^ Ij 
hence (j2.44p follows. If A = 5, then there exists q > 5 such that is bounded. It can be 

checked that for | < p < 2, ||/'(VUa)||lp ^ a/A, hence (I2.44p follows. 

In the proof of (12.381) we have only used the boundedness of ii* in hence it remains valid and 
gives the bound 

|h*, AU(A) + /(U(A)))| < a"^ « a"^. 

□ 


Remark 2.10. It is not excluded that Lemma 12.81 holds under the assumption Uq G x A®, 
s > but I was unable to prove it because of possible oscillations of A(t). Note also that 

Lemma 12.91 could be proved for less regular Uq if we had some control of g{t) in suitable (for 
example Strichartz) norms. 

Lemma [2.81 implies that if Uq G x A^, then Lemma [2.91 holds with bi(t) = 0. 


For to <t < T+ we define 

(2.45) (p{t) := Cic*X{t) 2 — bi{t) + 2(a“(t)^ + a^(t)^) 

{Cl is a constant to be chosen shortly). From (|2.28p we have 


(2.46) 


J\T _ 2 

^{t) := Cic*A(t)— + (U(U(A) + u*) - E{W) - E{u*)) 

+ -(D^A('\4(A) + u*)g,g) + 2(a (t)^ + a'^{t)'^) + b 2 {t) + 0(||gi|||). 
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We will consider the maximal function: 


:= sup 

t<T<T+ 

Note that ■ [ioj T+) —)• M is decreasing, limt^'r+ fuit) = 0 and 0 > > min(0, almost 

everywhere. 

Corollary 2.11. Let s > and s > 1. For Iq < t < there holds 

(fuit) ^ sup n(gf(r), A(r))^. 

t<T<T+ 

Proof. Lemma [2^71 and (j2.28p yield |(Dili(V(A)+ii*),gf)| < n{g, A)^, hence from Lemma [2?^ we have 

(2.47) l&i(i)l ^ sup n{g{t),X{t)f. 

t<r<T+ 

Let t G [to,7+) and let ti G [t,7+) be such that ^pM^t) = piti) (such ti exists by the definition of 
(/9 m)- Using (|2.47p we obtain 

PM{t) = ^{ti)< sup n(si(r),A(r))^ < sup n{g{T), X{T)f. 

t\<T<Tj^ t<T<T+ 

Now let t 2 G [t,7+) be such that sup/<;.,.^-jn^ n(gi(r), A(r))^ = n{g{t 2 ), X{t 2 ))‘^ ■ From Lemma [212] 
and the fact that ||14(A) + u* — VUa||£: is small we obtain 

(2.48) ^{D‘^E{V{X{t2)) + u*{t2))g{t2),g{t2))+ 2{a-{t2f+ a+{t2)^) > ||t/(t 2 )|||- 

N—2 

From Lemma IZTl if we choose Ci large enough, then C'ic*A“ 2 “ +E{V {X) + u*) — E{W) — E{u*) > 
c*A^“, hence (12.461) and (|2.48p yield 

ip{t2) - 62 (^ 2 ) > n{g{t2), X{t2)f. 

From Lemma \2M we have 162 (^ 2 )! < a/cq ' ®^Pt 2 <r<T+ n{g{T),X{T))^ = ^■n{g{t 2 ),X{t 2 )f, hence 
we obtain 

PM{t) > (/9(t2) > n(si(t 2 ), X{t 2 )f = sup n(c/(r), A(r))^ 

t<T<T+ 

provided that cq is small enough. □ 

2.4. Differential inequalities and conclusion. 

Lemma 2.12. There exists a constant Ca such that for T+ — t small enough there holds 
\a''~ it)\ < Ca ■ sup n(gi(r), A(r))^, |a“(t)| < Ca • sup n{g{T), X{T)f. 

t<r<T+ 

Proof. It follows from (|2.19p that there exists Ci > 0 such that 

(2.49) |a+(t)| > Cl ■ n{g{t), X{t)f => ^l«^(*)l > 

Suppose that 

|a+(t)|>2Ci- sup n{g{T),X{T)f 

t<T<T+ 

and suppose that ti G [t,T^) is the smallest time such that 

|a’^(U)|<Ci- sup n(c/(r), A(r))^. 

ti<T<r+ 

Clearly ti > t. The function on the right hand side is decreasing with respect to ti, hence 
{t)\t=ti < 0. This contradicts (12.491) . hence for all T G [t,T^) we have 

(2.50) |a’^(i')l > Cl • n{g{t'), X{t')f. 
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Observe that 


(2.51) 



1 

A(r) 


dr > 



|A-(r)| 

A(r) 


dr = + 00 . 


From ()2.50p . (I2.49P and (|2.51l) we obtain |a'’'(t)| —>■ +oo as t —)• T+, a contradiction. 

We will now consider which is less straightforward. It follows from (I2.19P that there exists 

C 2 > 0 such that 

(2.52) \a-{t)\>C 2 -n{g{t),X{t)f => 

From Corollary 12.111 we obtain existence of a constant C 3 > 0 such that 

(2.53) \a~{t)\ > C 3 ■ => \a~{t)\>C 2 -n{g{t),X{t)f 


and a constant C 4 > 0 such that 

\a~{t)\>C4- sup n{g{t),X{t)f => \a~ {t)\ > 2 C 3 ■ tpuit)- 

t<T<T+ 

Suppose that t G [to,T 4 -) is such that 

(2.54) \a~{t)\>C 4 - sup n(gr(T), A(r))^ 

t<T<T+ 

and let ti G [to,t] be the smallest time such that for t' G there holds 

(2.55) \a~{t')\ > C 3 ■ 


Of course ti < t. Suppose that ti > to- This implies 

(we use respectively (|2.53p . (|2.52p and the definition of ti). 

However, |(/5M(ti)| < |v 9 '(fi)| <C j^n{g{ti), X{ti))^, as is easily seen from (|2.45p . The contra¬ 
diction shows that ti = to, hence (12.551) holds for t' G This means that if there exist times t 

arbitrarily close to T+ such that (I2.54p holds, then (|2.55p is true for t' G [to,T'+). From (I2.52p and 
(j2.53l) we deduce that for t G [to,T'+) there holds 

\a-(t)\<\a-m-exp(- 

By (j2.53l) and (|2.15p . this implies 

|A'(t)l<exp(-£^). 

Dividing both sides by X{t) and integrating we get a contradiction. 

We have proved the lemma with Ca ■= max(2C'i, C 4 ). □ 


By modifying to we can assume that Lemma 12.121 holds for t G [fo,T'+). 
Proof of Theorem [II We define 

tp{t) := Cic*X{t)~-bift), ^M(t) := sup ^(r). 

t<T<T+ 

From Lemma 12.121 and Corrolarv 12.111 it is clear that 

(2.56) TM{t) ^ sup re(gf(T), A(r))^. 

t<T<T+ 
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We will consider first the case N G {4, 5}. Using (|2.42l) and (|2.56p we obtain the following differential 
inequality for t G [to,7+): 


(2.57) 


I^mWI < l^'WI < c*X{t)^\\gme < (C*)^ 


3iV-10 


Integrating this inequality we find 

4 2(]V-2) 

^uit) < (c*)6-iv(r+ -f) 6-iV . 

N—2 

To finish the proof, recall that c*A(t)^“ < ^Mit) by Corollary 12.111 

Consider now the case N = 3. The problem is that — 4 < 0, hence we cannot write 

N-4 iV-4 

{c*X{t))^~ < previous proof. Instead, we just have 


Integrating between t and T+ we obtain 

This is again a differential inequality. It yields fjl.bp . 


dr 


\A0 


□ 


Remark 2.13. In the case N = 3 and u* G x we can prove (jl.4p for continuous time, 
not only for a sequence. Indeed, in this case one can take bi{t) = 0 (see Remark I2.10p . hence 
^M{t) = C'ic*Y^A(t). If t G [to,T+ ) is such that X{t) < supi<T-<j'^ then obviously = 0. 

If X{t) = supf-^^^rp^ ^(t")) then c*y^A(t) r\j hence the proof of (I2.57P applies. The end of the 

proof is the same as in the case N G {4, 5}. 


Proof of Theorem\^ Let t G [to, 7+) be such that n{g{t), X{t)) = supi<.j-^y^ n(gi(r), A(r)). From 
(j2.29l) and Lemma yi7I\ we get 

(F;(W(A) + «*) - E{W) - E{u*)) + ^{D-^EiViX) + u*)g,g) + 2((a-)2 + (a+)2) > n(g, A)^. 

But due to Lemma r2.12[ the last term on the right hand side can be omitted. This is in contradiction 
with (j2.28p and Lemma [2.81 □ 


Appendix A. Cauchy theory in higher regularity 


In this section we prove some facts about propagation of regularity for (INLWp , which are applied 
to u*{t) in the main text. As in [131 Appendix B], the proofs rely on the classical energy estimates: 


Proposition. Let s > 0, tQ € [Ti,r 2 ], g G and Uq G x . Then the solution of the 

linear wave equation (du — A)u = g with initial data u(to) = Uq satifies 


u{t)\\x‘>xH‘> < 



vt G [ri,r2]. 


□ 


Proposition A.l. Let N G {3,4}, s > and Uq G X^ x . There exist ti < to < t 2 such that 
the solution u{t) of (|NLWp satisfies 

uGC{[ti,t 2 ],X^ X H^). 

Proof. This is a standard application of the energy estimates and the Fixed Point Theorem, using 
the fact that f{u) is a monomial and A® L°°. We skip the details. □ 
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In the rest of this section we consider (INLWp in dimension N = 5. In this case the nonlinearity 

4 

f{u) = \u\3u is not smooth. We will use the following regularization: 

fn{u) := (1 - x{nu))f{u), n e {1, 2, 3,...}, 

where 

XGC'°°, x{-u)=x{u), x(^^) = 1 for u G [-1,1], suppx C [-2, 2], 

In the proof of the next result we will use the Fractional Leibniz Rule and the Fractional Chain 
Rule in the form given in [3l Propositions 3.1, 3.3]: 


Proposition A. 2. 

• //'I'GC'^,0<q:<1 and 1 < p,pi,P 2 are such that | ^ 

iiivr^'(u)iiLP < ii^'(^^)iilpi • iiivrn|iLP2. 

• //O < a < 1 and 1 < p,Pi,P 2 ,Pi,P 2 are such that i = ^ + ^ = i + then 

|||V|“(uu)||lp < |||V|"u||lpi • ||u||lp 2 + ||n||^pi • |||V|“u||^p2- 


□ 


Remark A.3. In [3], the Leibniz Rule and the Chain Rule are proved in the case of one space 
dimension, and necessary changes in order to carry out a proof in arbitrary dimension are indicated. 
In the present paper we use this result in dimension 5, but only for radial functions, and it can 
be verified that the Leibniz Rule and the Chain Rule for radial functions is a consequence of the 
one-dimensional result. 


Lemma A.4. Let N = 5 and 1 < s < 2. The following estimates hold (with constants which may 
depend on s): 

(A.I) |I/M-/„WI|h. <c..(i + /(l|u|| jjfi)), with Cn —>■ 0 as n ^ +oo, 

(A.2) \\f{u) - f{v)\\Hi < llw - • (/'(IkllxO + /'(lbllxi))> 

(A.3) \\fn{u) - fn{v)\\Hi < IW - v\\xi ' (/'(ll^^llxl) +/'(ll'f^llxl)) > 

(A.4) \\f{u)\\H- < fiWuWx^^), 

(A-5) \\fniu)\\H‘ < f{\\u\\x»), 

(A.6) \\fn{u) - fn{v)\\H‘ < Cn\\u - uHx- ' (l + f'i\\u\\x‘) + f i\\v\\x‘)) , Cn > 0, 

where the sign < means that the constant is independent of n. 

Proof. A simple computation shows that 

\fn{u)\ < \f{u)l 1/;(U)| < |/'(U)|, 1/"(U)| < |/"(U)|, 

(A.7) fn^f inC^R), 

(A.8) \f:{u)\<nl. 

We have 

l|V(/(u) - fniu))\\L2 = Wifiu) - /;(u))Vu||i2 < II/' - /;||loo • ||u||;^l, 
which is acceptable due to (IA.7li . 

In order to bound ||/(u) — fn{'a)\\L 2 , we interpolate between ||/ — /n||L°° and 

||/(u) - /n('w)||^lO < f{\\u\\^w) < fi\\u\\Hi). 

This proves (lA.ip . 

Estimate ()A.2I1 is a part of m Lemma B.3] and the proof of (IA.3D is analogous. 












From the Sobolev inequality we get \\fniu)\\L^ < ||/(m)||l2 < /(||m||^w) < /(||w||xOj hence in 


order to prove (jA.4p and (jA.5p it suffices to check that 


ll|Vr(/(u))||i2 < /(llullx^), \\\Wifniu))h2 < fiWuWxs). 

For s G {1,2} this is an easy algebraic computation which we will skip. For 1 < s < 2 we use 
Proposition IA.2I 

iiivr(/(u))iii2 = \\\vr^v{f{u))h2 = \\\vr\fiu)vu)h^ 


(A.9) 


< IIIV 


s-i 




<|||Vr-iVu||^i./'(||u||^^) + ||/"(u)bio 


vr-'u||ii 0 • llVull^i 


^ fihWx^)- 

The second inequality in (IA.9I) is proved analogously. 

In order to prove ()A.6P it suffices to check that 

- fn{v))\\L2 < Cn\\u - u||x- ' (l + fiMlxo) + fiMlx-)) 

(the estimate of ||/n('«) — fn{v)\\L^ is a part of (IA.3p i. We write 

fn{u) - fniv) = -(v -u) [ /(,((! - t)u + tv) dt, 

Jo 

hence by the triangle inequality 

|||V|^(/n(u) -/n(u))||i2 < f |||V|^((u-u)/(,((l-t)u + t'(;))||^ 2 dt. 

Jo 

We will estimate the integrand for fixed t G [0,1]. We have 

|||V|^((u - u)/{j((l - t)u + tv ))\\^2 = ll|V|^"V((u - u)/(,((l - t)u + tv))\\j ^2 

= |||v|®"^(v(u - u) • /;((! - t)u + tv)) 11^2 

+ |||V|'*"^((u - v) ■ ((1 - t)Vu + tVv) • /"((I - t)n + tu))||^ 2 - 

The first term is estimated exactly as in ()A.9p . so we will only consider the second one. From the 
Leibniz Rule we obtain 

- v) ■ ((1 - t)Vu + tVv) ■ /"((I - t)u + tv ))\\^2 


|V| 


^ IIIVI '* ^{u - v)\\lio • 11(1 - t)u + tv\\^w • ||/"((1 - t)u + tv)\\Lio 


I S —1 


+ ||u — ull^io • |||V 
+ ||u - v\\lpi • 11(1 - t)Vu + tVv\\LP 2 


((1 -t)Vu + tVu)||^w 


IV 


"{{l-t)u + tv)\\LlO 

'~^fn{i^-t)u + tv)\\LP3, 
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where the exponents pi, P 2 ,P 3 G (l,+oo) are chosen such that pi > 10, p 2 > Ps < 10, C 
n and | ^ ^ Estimating the first two lines is straightforward and for the last 

line we use the Chain Rule together with ()A.8h . □ 

Proposition A.5. Let N = 5, l<s<2 and uq G x . There exist ti < to < t 2 such that 
the solution u{t) of (|NLWp satisfies 

uGCi[ti,t2],X^ X H^). 

Proof. Using (IA.4P for s = 1 and (jA.2l) one obtains by a standard procedure that there exists a 
unique maximal solution 

ueC{[n,T2],X^xH^), 
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Ti < to < ^2 
























and 


Ti > -oo ^ lim \\un\\x^xm = +00) ^2 < +00 ^ lim WunWx^'-xm = + 00 ; 

t^Ti t^T2 

see m Proposition B.2] for details. 

Consider the regularized problem for n€{l,2,3,...}: 


\ {Unito),dtUn{to)) = Uq. 

Using (lA.SP and (lA.OP one can show that there exists a unique maximal solution 

Un £ ^([ri^n, r2^„], A* X Pf*), Ti^n < ^0 < ^ 2,71 

and 


Ti „ >-00 ^ lim =+ 00 , r 2 ,„ <+00 ^ lim =+oo. 

t^T2,n 

From ()A.5h and the energy estimate we have 

f{\\u{T)\\x‘^xH‘^)dT , 

with a constant independent of n. This implies that there exist Ti < to, T 2 > to and a constant Ci 
independent of n such that 

(A.10) \\unit)\\x‘’xH‘> < Cl Vn, Vt e [^ 1 ,^ 2 ] 

(in particular Ti > sup^Ti^„ and T 2 < inf„T 2 ^n)- 
Now we need to verify that 

(A.ll) lim \\un{t) - u{t)\\xixm = 0 VtG[ri,r 2 ]. 

n^+oo 


16. 




X‘‘xH‘’ < 


|llo||x=x//= + 


'to 


To this end, we notice that Un — u solves the Cauchy problem: 


r {dtt - A)(Un -u) = fn{Un) - f{u), 

I {Un(to),dtUn{to)) = 0. 


Since ||u(t)||j 5 fix/fi is bounded and \\Un{t)\\xi-xHt uniformly bounded for t G [ri,T 2 ], (lA.lIl and 
(IA.3P imply that for t G [Ti,T 2 ] there holds 

\\fniUnit))-f{u{t))\\Hi < ||/„(Un(t)) -/„(u(t)) ||^l + ||/„(u(t)) -/(u(t)) ||j^l < \\Unit) - u{t)\\xl + Cn, 

which yields (jA.lip by the energy estimate and the Gronwall inequality. 

From (jA.lOp and (lA.lip we deduce 

ll'*^(^)llx«x//« < Cl, vt G [Ti,r2]. 

The function u : [Ti,T 2 ] —>■ x is weakly measurable (since it is measurable as a function 

to X H^), hence it is measurable and u G T°°([ri,T 2 ], x H^). Using once again the energy 
estimate together with ()A.4I1 it is easy to see that in fact u G C{[Ti,T 2 ], X^ x H^). 

□ 
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